The effects of accelerated crucible rotation technique (ACRT) and dynamic translation on liquid phase diffusion (LPD) growth of Si x Ge 1−x single crystals have been separately investigated numerically in earlier works and were found to have a very positive impact on the LPD growth process. Building upon these findings, in this paper, we study the consequences of imposing both ACRT and dynamic translation on this growth technique. Time-dependent, axisymmetric numerical simulations using moving grid approach have been carried out using finite volume code Ansys Fluent. Crucible translation effect is simulated using dynamic thermal boundary condition. Results are compared to the case in which this growth system is subjected to ACRT only. It is predicted that by combining ACRT with dynamic pulling, excellent axial compositional uniformity can be achieved and growth rate can be improved substantially without significantly compromising on the benefits of employing ACRT. The results show that it is advantageous to utilize the combination of ACRT and dynamic translation during LPD growth rather than using them independently for producing relatively uniform composition Si x Ge 1−x single crystals in a shorter span of time.
Introduction
Si x Ge 1−x is an upcoming alloy semiconductor material that is gaining prominence because its properties can be adjusted as per the needs of a particular application [1] . This is due to the fact that this alloy system displays a complete solid and liquid state miscibility. On the downside, this system also exhibits a wide gap between the solidus and liquidus lines making it difficult to grow uniform composition Si x Ge 1−x crystals using the well-known melt growth techniques [2] . Some of the applications of this material include photodetectors, high-performance discrete devices, heterodevices, solar cells, and substrate for epitaxial growth [1, 3] .
Liquid phase diffusion (LPD) is a solution growth technique that has been used to grow axially graded composition single crystals of Si x Ge 1−x [4] . The complete details of the LPD growth process can be found in [4] .
In order to produce an axially uniform composition crystal, the growth interface should be maintained at a constant temperature. To accomplish this, the crucible should be pulled downwards at a rate equal to the growth rate. The effect of crucible translation with the objective of growing uniform Si x Ge 1−x crystals has been investigated in the literature [5] [6] [7] . In the work [7] , an automatic feedback control system was developed with dynamic pull correction after every minute and resulted in a 23 mm long crystal with uniform composition.
The effect of constant and dynamic pull rate on the LPD growth was studied in [8] . Numerical simulation results showed that by translating the crucible in a dynamic fashion the interface temperature could be maintained at a nearly constant value and consequently uniform axial crystal composition could be achieved. Furthermore, the results also indicated that the growth time could be reduced considerably by employing dynamic translation.
In the accelerated crucible rotation technique (ACRT) developed in [9] , the crucible undergoes acceleration and deceleration cyclically and is used to generate flow in the melt/solution crystal growth techniques. In the spin up and spin down period of the ACRT, Ekman layer flow is produced at the solid surface creating a radial flow and fluid also experiences spiral shearing [10] . A large body of work exists in the literature studying the effects of ACRT experimentally and numerically on the melt and solution growth techniques (see for instance [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] ), and it has been found in many studies that the application of ACRT leads to an improvement in the melt mixing, growth rate, radial compositional uniformity, and solid/liquid interface flattening.
In the numerical work [22] on the LPD growth process, it was found that the growth interface was concave in shape for a large fraction of the simulated growth period. To achieve uniformity in the radial crystal composition along the growth interface, the shape of the interface should be flat. In a recent work on this growth system [23] , the effect of imposing ACRT on the LPD growth was examined numerically. It was predicted that by utilizing the ACRT cycle at 12 rpm, the growth interface could be made nearly flat which in turn helped in substantially improving the uniformity in radial composition along the growth interface.
Motivated by the positive effects of dynamic translation and ACRT on the LPD growth, in this work, we have investigated the impact of the combination of ACRT and dynamic pulling numerically. The simulation results reveal that by superimposing dynamic translation on ACRT, the uniform axial composition can be achieved with a significant improvement in the growth rate while retaining the key advantages of using ACRT.
Numerical Simulation
From a numerical point of view, LPD comes under the category of the moving boundary problem. In order to draw a valid comparison with the earlier work [23] , we have followed the same dynamic grid approach to handle the moving boundary. The simulations have been carried out using the finite volume based software Ansys Fluent (ANSYS, Inc., Canonsburg, PA, USA) by developing special user defined functions to move the mesh nodes. Triangular ACRT cycle (at 12 rpm) was used to carry out the computation.
It is important to highlight that the governing equations in the case of a moving grid approach involve additional terms to account for the grid motion. The grid flux in the discretized equations must be computed from space conservation law or else there is a possibility of the creation of artificial mass sources [24] . In Ansys Fluent, the problem of the artificial mass source is avoided as the space conservation law is used while computing grid flux [25] . The position of the initial growth interface was determined based on the isotherm corresponding to the melting point of germanium. The mesh is comprised of 4674, 1518, 656, 1002 quadrilateral elements in the melt, seed, source, and quartz regions, respectively. Further refining of the mesh did not result in any significant change in the solution. Pressure-velocity coupling was dealt with using the PISO algorithm [26] and a time step size of 0.1 s was adopted. A smaller time step did not change the solution while a larger time step resulted in convergence problems. The absolute convergence criterion [27] was used to judge convergence and the solution was considered converged when residuals had fallen below 10 −4 for continuity, radial and axial momentum equations and below 10 −6 for concentration and energy equations. The domain of the problem is comprised of silicon source at the top, the Si-Ge melt in the middle, the Ge-seed below, and the vertical wall of the quartz ampoule (see Figure 1 ). It must be noted that some of the results presented in this paper were obtained by writing special user defined functions in Ansys Fluent as they were not directly available from the GUI of Ansys Fluent. The governing equations are the Continuity, Momentum Balance, Energy Balance and Mass Transport equations. The complete set of governing equations can found in the previous paper [23] and are not repeated here. It is assumed that the same temperature gradient exists below the initial position of the crucible based on the experimental observations. A complete list of assumptions can be found in earlier work [28] . As mentioned before, to simulate the effects of crucible translation dynamic thermal boundary conditions were prescribed and the details can be found in the work [8] .
For the boundary and initial conditions for the concentration and velocity fields, the reader is referred to the paper [23] . The details regarding the implementation of the dynamic grid approach in Ansys Fluent for the LPD growth process can be found elsewhere [28] .
Results and Discussions
While carrying out the numerical simulations, the crucible subjected to accelerated crucible rotation (triangular cycle at 12 rpm) was pulled dynamically after 5 h of growth time. The pull rate was adjusted after completion of one or more ACRT cycles in order to maintain a nearly uniform crystal composition along the centerline. A comparison is made with the previously examined case in which only ACRT is applied to the ampoule [23] .
It is important to note that after early hours of growth, LPD becomes a diffusion dominated process [22] and consequently in the later hours of growth the flow is mainly generated due to the application of ACRT [23] . The ACRT induced flow structure does not alter much with the addition of dynamic translation and it can be observed from Figure 2 that there is a minor drop in the maximum radial velocity near the growth interface with the incorporation of dynamic pulling. The governing equations are the Continuity, Momentum Balance, Energy Balance and Mass Transport equations. The complete set of governing equations can found in the previous paper [23] and are not repeated here. It is assumed that the same temperature gradient exists below the initial position of the crucible based on the experimental observations. A complete list of assumptions can be found in earlier work [28] . As mentioned before, to simulate the effects of crucible translation dynamic thermal boundary conditions were prescribed and the details can be found in the work [8] . For the boundary and initial conditions for the concentration and velocity fields, the reader is referred to the paper [23] . The details regarding the implementation of the dynamic grid approach in Ansys Fluent for the LPD growth process can be found elsewhere [28] .
It is important to note that after early hours of growth, LPD becomes a diffusion dominated process [22] and consequently in the later hours of growth the flow is mainly generated due to the application of ACRT [23] . The ACRT induced flow structure does not alter much with the addition of dynamic translation and it can be observed from Figure 2 that there is a minor drop in the maximum radial velocity near the growth interface with the incorporation of dynamic pulling. As shown in Figure 3 , the concentration difference along the growth interface increases slightly as dynamic pulling is superimposed on ACRT. This can be attributed to the increase in the temperature difference along the growth interface in the case of combined ACRT and dynamic pulling (see Figure 4 ). It can be readily observed from Figure 5 that the interface temperature at the centerline becomes nearly constant with the application of dynamic translation. This, in turn, leads to a nearly constant centerline crystal composition in the axial direction as shown in Figure 6 . As shown in Figure 3 , the concentration difference along the growth interface increases slightly as dynamic pulling is superimposed on ACRT. This can be attributed to the increase in the temperature difference along the growth interface in the case of combined ACRT and dynamic pulling (see Figure 4) . It can be readily observed from Figure 5 that the interface temperature at the centerline becomes nearly constant with the application of dynamic translation. This, in turn, leads to a nearly constant centerline crystal composition in the axial direction as shown in Figure 6 . As shown in Figure 3 , the concentration difference along the growth interface increases slightly as dynamic pulling is superimposed on ACRT. This can be attributed to the increase in the temperature difference along the growth interface in the case of combined ACRT and dynamic pulling (see Figure 4) . It can be readily observed from Figure 5 that the interface temperature at the centerline becomes nearly constant with the application of dynamic translation. This, in turn, leads to a nearly constant centerline crystal composition in the axial direction as shown in Figure 6 . As shown in Figure 3 , the concentration difference along the growth interface increases slightly as dynamic pulling is superimposed on ACRT. This can be attributed to the increase in the temperature difference along the growth interface in the case of combined ACRT and dynamic pulling (see Figure 4) . It can be readily observed from Figure 5 that the interface temperature at the centerline becomes nearly constant with the application of dynamic translation. This, in turn, leads to a nearly constant centerline crystal composition in the axial direction as shown in Figure 6 . A dramatic increase in both instantaneous and time averaged growth velocity with the inclusion of dynamic translation can be clearly seen in Figure 7 and Table 1 , respectively. This explains the greater interface displacement after 7 h of growth time observed in Figure 8 when using the combination of ACRT and dynamic pulling instead of ACRT alone. Moreover, it can also be inferred from Figure 8 that dynamic pulling does not have any significant detrimental impact on the interface flattening effect of ACRT. A dramatic increase in both instantaneous and time averaged growth velocity with the inclusion of dynamic translation can be clearly seen in Figure 7 and Table 1 , respectively. This explains the greater interface displacement after 7 h of growth time observed in Figure 8 when using the combination of ACRT and dynamic pulling instead of ACRT alone. Moreover, it can also be inferred from Figure 8 that dynamic pulling does not have any significant detrimental impact on the interface flattening effect of ACRT. A dramatic increase in both instantaneous and time averaged growth velocity with the inclusion of dynamic translation can be clearly seen in Figure 7 and Table 1 , respectively. This explains the greater interface displacement after 7 h of growth time observed in Figure 8 when using the combination of ACRT and dynamic pulling instead of ACRT alone. Moreover, it can also be inferred from Figure 8 that dynamic pulling does not have any significant detrimental impact on the interface flattening effect of ACRT. A dramatic increase in both instantaneous and time averaged growth velocity with the inclusion of dynamic translation can be clearly seen in Figure 7 and Table 1 , respectively. This explains the greater interface displacement after 7 h of growth time observed in Figure 8 when using the combination of ACRT and dynamic pulling instead of ACRT alone. Moreover, it can also be inferred from Figure 8 that dynamic pulling does not have any significant detrimental impact on the interface flattening effect of ACRT. The dynamic pull profile shown in Figure 9 was obtained by running the simulation in an intermittent manner. After the completion of each ACRT cycle (120 s), the simulation was stopped and the crystal composition along the growth interface at the centerline was checked. The pull rate was adjusted if the crystal composition value was found to be changing significantly. The simulation process was then continued with this new pull rate value for another cycle. The whole process was then repeated to obtain a nearly constant crystal composition along the growth interface at the centerline. The pull rate values and the corresponding time intervals for which it was maintained, were recorded throughout the simulation process and are depicted in Figure 9 . It should be noted that due to numerical difficulties related to mesh quality the simulations could not be accurately carried out further. Nevertheless, the simulation results clearly bring out the potential benefits of using the combination of ACRT and dynamic translation for the LPD growth system.
It can be observed from Figure 9 that the dynamic pull profile shows an upward trend and is about to reach its maximum value. This can be explained on the basis of the underlying physics of the LPD growth process. LPD is a solution growth technique and works on the principle of saturation and precipitation. The difference in the liquidus equilibrium composition (solubility limit) and the actual concentration near the growth interface is the driving force for this growth process. The liquidus equilibrium composition near the growth interface is a function of the melt temperature. During the early hours of growth, the melt temperature is relatively high and hence the liquidus equilibrium composition is also high. Moreover, the actual amount of silicon dissolved in the melt near the growth interface is quite small. Hence, the driving potential for growth is high and results in the increase of the growth velocity. As mentioned earlier, in order to grow axially uniform composition crystal, pull rate should match the growth velocity. Consequently, an upward trend in the dynamic pull profile is observed in Figure 9 . As the growth process continues, dynamic pulling The dynamic pull profile shown in Figure 9 was obtained by running the simulation in an intermittent manner. After the completion of each ACRT cycle (120 s), the simulation was stopped and the crystal composition along the growth interface at the centerline was checked. The pull rate was adjusted if the crystal composition value was found to be changing significantly. The simulation process was then continued with this new pull rate value for another cycle. The whole process was then repeated to obtain a nearly constant crystal composition along the growth interface at the centerline. The pull rate values and the corresponding time intervals for which it was maintained, were recorded throughout the simulation process and are depicted in Figure 9 . It should be noted that due to numerical difficulties related to mesh quality the simulations could not be accurately carried out further. Nevertheless, the simulation results clearly bring out the potential benefits of using the combination of ACRT and dynamic translation for the LPD growth system.
It can be observed from Figure 9 that the dynamic pull profile shows an upward trend and is about to reach its maximum value. This can be explained on the basis of the underlying physics of the LPD growth process. LPD is a solution growth technique and works on the principle of saturation and precipitation. The difference in the liquidus equilibrium composition (solubility limit) and the actual concentration near the growth interface is the driving force for this growth process. The liquidus equilibrium composition near the growth interface is a function of the melt temperature. During the early hours of growth, the melt temperature is relatively high and hence the liquidus equilibrium composition is also high. Moreover, the actual amount of silicon dissolved in the melt near the growth interface is quite small. Hence, the driving potential for growth is high and results in the increase of the growth velocity. As mentioned earlier, in order to grow axially uniform composition crystal, pull rate should match the growth velocity. Consequently, an upward trend in the dynamic pull profile is observed in Figure 9 . As the growth process continues, dynamic pulling should result in an appreciable reduction of the melt temperature and hence the liquidus equilibrium composition near the growth interface should also decrease. Also, with the passage of time, the actual silicon concentration in the melt near the growth interface increases significantly. As a result, the overall driving potential for the growth process should reduce and lead to the reduction of the growth velocity. Thus, it can be expected that dynamic pull rate should start decreasing after reaching its peak value.
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Conclusions
This paper builds upon the earlier works on the LPD growth process in which the effects of ACRT and dynamic translation were examined separately [8, 23] . A comparison is drawn to the case when the crucible is only subjected to ACRT. It is found that the combination of ACRT and dynamic translation does not alter the flow structure significantly. The concentration difference along the growth interface is found to increase slightly with the inclusion of dynamic translation. It is predicted that temperature and hence crystal composition at the centerline of the growth interface becomes nearly constant with the usage of dynamic pulling. Furthermore, this combination leads to a significant improvement in instantaneous and time averaged growth velocity without deteriorating the interface flattening effect of ACRT. This study shows promising results of the combined effects of ACRT and dynamic translation on the LPD growth. The combined ACRT and dynamic translation processes need further optimization to find the best LPD growth process, which requires a more systematic experimental study.
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